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If light waves are stretched by gravitational waves, how can we use light
as a ruler to detect gravitational waves?

Peter R. Saulson
Department of Physics, Syracuse University, Syracuse, New York 13244-1130

(Received 19 August 1996; accepted 10 December )1996

| give an answer to the frequently asked question of the article’s title, based on an analogy between
the description of gravitational waves in the transverse-traceless gauge and the description of an
expanding universe in comoving coordinates. Both use freely falling masses to define the coordinate
system. Taking advantage of the insight that has been achieved in cosmology, | show how to
understand the operation of an interferometric gravitational wave detector in a way that resolves the
apparent paradox. @997 American Association of Physics Teachers.

[. INTRODUCTION time of light pulses that take a round trip between two freely

lling masses. As the masses are moved together or apart by

. o f
_The search for gravitational waves has been an active f'elfﬁe gravitational wave, that round-trip light travel time varies
in experimental physics for over three decades. The first deg, an intuitively sensible way. If we replace the light pulses

tectors, starting with those of the field’s founder Joseph Wey,ii, steady beams of light, the travel time variations can be

ber and continuing to some of the best detectors operatingsaryed as phase shifts in the returning light. As we will
today, respond to the stretching and compressing force thatsahOW in Sec. Il, a Michelson interferometer is a good way to

gravitational wave would apply to a massive cylindrical bar. 5y e sensitive measurements of these variations in the phase
The resulting vibrations of the bar, persisting long after ags ihe light.

pulse of gravitational waves has passed, are registered in apgt there is another point of view, from which it is any-

highly sensitive accelerometer mounted on the end of theying byt obvious that interferometers should work as gravi-
bar. While progress in sensitivity has been. dramatic over th%tional wave detectors. We usually understand the cosmo-
years, therelz has t)een as yet no unequivocal detection @iyica| redshift with a simple picture, that in an expanding
gravitational waves. universe light waves themselves expand with the space
Free-mass interferometers are about to make a substantialy \nq them. The following argument can then be made: If

improverr;]ent in our ability _fth ?etecthweak gravitational |igh waves expand in an expanding universe, isn't it also the
waves. These instruments differ from the resonant-mass deyge for the light waves traveling through an interferometer
tectors described above in several ways. Two of the mo

, : Shhen a gravitational wave stretches the space in the arms?
Important are: And if that is true, then how can the phase of the light be

(1) Instead of using a single mass whose ends are pushédgodulated by a gravitational wave? Won't the coexpansion
together or pu||ed apart, Separate test masses hung géthe arms and of the |Ight wave ‘“rulers” used to measure
pendulums(up to kilometers apartare used; since the them render the effect of a gravitational wave invisible?
motion of masses in response to a gravitational wave i§rom this point of view, how can an interferometer work?
proportional to their separation, this can provide a sub- In fact, much of this alternative point of view is correct.
stantial advantage over the bars whose ends are sepdowever, one crucial point is missing in the argument given
rated by only a few meters. above. Once this oversight is recognized and corrected, we

(2) Since an accelerometer won't be sensitive to the relativ€éan see that interferometers should indeed function as adver-
motion of the separate masses, a sophisticated version #sed. ) )

a Michelson interferometer is used to register the small The issue | am addressing here is one of conceptual un-

changes in separation between the widely separated tedgrstanding, not new physics. For this reason, | have kept the
masses. discussion at the heuristic level, with the absolute minimum

. . _ L of mathematics.
The promise of interferometric gravitational wave detec-

tors is just now about to be realized, with the construction of

several kilometer-scale interferometers. The LIG@ser In-

terferometer Gravitational-Wave Observajori?roject is

now building two 4-km interferometer facilities in the United 1l. GRAVITATIONAL WAVES, LIGHT TRAVEL

States. The VIRGO Project, a French—Italian collaborationTIME, AND INTERFEROMETERS

is building a 3-km interferometer in Italy. Scientists in a

number of other countries are also readying plans for the To understand what a gravitational wave does, it is useful

next generation of sensitive gravitational wave detectors. to consider a liberal sprinkling of freely falling test masses
Understanding how an interferometer responds to a gravithrough space. These test masses mark out the coordinates

tational wave makes a wonderful thought experiment in relawe use when we compute in the coordinate system called the

tivity. The usual explanation says that the test masses moueansverse-traceless gaugé\ gravitational wave can be

apart or together as the space expands or contracts betwemought of as changing the distances between these test

them. The response of an interferometer to such a distortiomasses. The mathematical expression for this effect can be

of space has been studied by a number of authors, and is sgen by writing down the space-time metric, which gives the

now well understood.The basic idea is to consider the travel interval ds between neighboring events. If the gravitational
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wave is propagating along tlzeaxis, and has its polarization ]
aligned with thex andy axes, then the metric has the simple
form A

ds?’=—c2dt?+[1+h(t)Jdx®+[1—h(t)]dy>. (2.2

A physical interpretation of this expression is straightfor-
ward. A wave of amplitudéh(t) causes distances between
freely falling test masses separated only in xhdirection to
change by a factor of

VI+h(D)~(1+3h(t)). (2.2 @ > / < > U
At the same time, an equal and opposite change occurs in
distances between masses separated only iy tieection. 4

If this physical interpretation makes sense, then there
ought to be, at least in principle, a way to measure the pres-
ence of a gravitational wave. One way to do so is to send
light signals between various masses, and look for variations
in the round-trip travel time associated with these length
changes. Such thought experiments have a long history in
relativity. The key idea is to remember that two nearbyFig. 1. A schematic diagram of an interferometric gravitational wave detec-
events on the path of a light ray are separated by an intervé&r.
ds=0. Plugging that into Eq2.1), we can find the relation-
ship between the space and time coordinates along the light

path of the beam splitter toward the test mass. At the beam
'2 ) ) 5 splitter, part of the light is redirected toward theest mass.
codt®=(1+h(t))dx"+(1—h(t))dy*". (2.3 Before the arrival of the gravitational wave, a pulse of light

etraveling along the axis takes a time,=2L/c to make the

If we specialize to paths only along one of the coordinat ) .
axes, the right-hand side will have only one nonzero term.round trip from the beam splitter and back. The pulse trav-

Then we can take the square root of each side, findiog eling along thQ( axis takes the same amount of time. So the
example, for a light ray traveling along theaxis) that the two pulses dgnved from a single flash of _the strobe return to
time it takes is given by the beam splitter at precisely the same time.

Once the step-function gravitational wave has arrived, the
1 two arms will no longer have the same length. This will
= f dt= c f V1+h(t)dx. (2.4 become apparent when the arrival times ofxtandy pulses
) o . o are compared. IR is positive, then the arm is lengthened,
As long ash is small (as it will be in all realistic circum-  sg the pulse in that arm will have to travel farther, causing it
stancef we can use the approximation of Hg.2), and the  to arrive late. Meanwhile, thg arm is shortened, so its pulse
integral is simple to evaluate. It shows that the travel timereturns to the beam splitter early. The presence of the gravi-
grows or shrinks in just such a way as the intuitive interpretational wave is thus signaled by the fact that there is now a
tation suggested. _ . time separation between the arrival times of the two pulses,
A Michelson interferometer is a simple arrangement ofof value Ar=(2L/c)h,. Measuring this arrival time differ-

test masses that enables such measurements to be made. ERge is a way to measure the strength of the gravitational
basic layout is sketched in Fig. 1. This version has only thregyaye.

such masses: a mass serving as a beam splitter, whose locain practice, we would use optical components like the

tion can be taken as the origin of coordinates, and twqnes described, but would replace the strobe light with a
masses carrying highly reflective mirrors, one placed oufaser, a steady source of coherent light. What was true for the
along thex axis at a distancé., and the other an equal arrival times of distinct pulses also ought to be true for the
distance from the beam splitter along thexxis. Ideally, the  arrival times of individual wave “crests” in the laser light.
masses would be truly free. In the laboratory we can approxisg if the x arm is lengthened, the light in that arm would
mate that freedom by hanging the masses as pendulumsyffer a phase lag, while the light traveling in tiyearm
which are free for influences that are rapid compared withacquires a phase lead. Measuring the phase difference be-
the pendulum period. _ _ ~ tween two beams of light is the standard function of an in-
To analyze what goes on in an interferometer, it is sim+terferometer. And here, that phase shift is related to the
plest if we imagine that the gravitational wave has the formstrength of the gravitational wave by the relation
of a step functionh(t) =hoH(t—7), wherehy is the (dis-  Ag=(4xL/\)h,. So a Michelson interferometer should be a
tressingly small, perhaps 18) amplitude of the wave, and good way to measure gravitational waves. This is what
H(t—7) is the unit step function at time. Although gravi- | |GO and VIRGO are designed to do.
tational waveforms should come in many varieties, there is a The reader interested in more information about the opera-
class of them that will in fact have a net dc shifthn[And  tjon of interferometric gravitational wave detectors may find
we lose no generality by considering only a pure step funcit in a variety of more technical referencés.
tion, since we can always approximate an arbitrary wave
form h(t) by a suitable succession of positive and negativg;; THE COSMOLOGICAL REDSHIFT
step functiong.
Imagine that we shine a strobe light, emitting a series of The argument given in Sec. Il is a version of the standard
brief powerful pulses of light, along the axis from the left explanation of how interferometers are used to detect gravi-
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tational waves. Next, we would like to motivate the fre- <
guently asked question used as the title of this paper. To do
so, it seems useful to review the basics of relativistic cosmol-
ogy, as a justification for the picture of light waves being
stretched by the expansion of space. . -
Just as we did to understand gravitational waves, much of Bss mirror
cosmology is best understood by assuming that the universe »
is liberally sprinkled with freely falling test masses, objects
which feel no(non-gravitationglforces. In cosmology, these
masses are the markers of what is referred to asdheving
coordinate systermn a homogeneous and isotropic universe,
each of these masses is equivalent to any other and can be
taken,as a suitable origin of cqordlnates. If we res;rlct OurFig. 2. Light before(dotted and after(solid) the arrival of a gravitational
attention to the case of a flat universe, then the metric can bgave. The beamsplitter is at left, end mirror at right. Outbound light is
written as shown at the bottom, returning light at the top.

ds?=—c2dt?+ R2(t)[dx?+dy?+ d Z]. (3.2

This differs from the ordinary Minkowski metric describing same fraction, while a gravitational wave causes equal and
the flat space of special relativity only by the presence of thepposite fractional changes farandy distances, with no
dimensionlessosmic scale factor R) multiplying all of the ~ change for distances along the wave propagation direetion
spatial parts. In an expanding univergt) is an increasing  Still, if we consider a single interferometer arm in a direction
function of time. An observer on any one of the freely falling for which the effect of the gravitational wave is to stretch
masses sees all of the rest of the masses receding in tléstances, then the effect of a gravitational wave is indeed
pattern called Hubble’s law. The recession of the otheivery analogous to a cosmic expansion.
masses is observable as a redshiéhgthening of wave- Now we are ready to ask whether the light in an interfer-
length of light signals sent from those other masses to theometer also suffers a redshift when a gravitational wave ar-
observer at the origin. For the nearby parts of the universgjves. When we see that it does, we will be ready to give a
this redshift behaves just as if it were the ordinary Dopplercritical examination to the standard analysis of an interfer-
shift in the wavelength caused by the motion of those massedneter’s sensitivity to gravitational waves.
away from the observer at the origin. Consider first the times<r, before the gravitational wave

It is possible to make a careful calculation of how thehas arrived. The interferometer arm is being steadily sup-
wavelength of a light signal is redshifted in an expandingplied with light from a laser, which generates a new wave
universe, by considering the difference in the amount of timecrest everyr ' seconds. The distance between successive
it takes two successive crests of a light wave to travel fromwave crestdi.e., the wavelengthis A=cv* throughout the
its source to the observiThis is similar to the calculation arm. Imagine that we have strewn small freely falling test
for the light travel time in an interferometer with a gravita- masses so thickly that we can find one of them immediately
tional wave(although in cosmology we are only interested in adjacent to each wave crest.
one-way travel times from distant light sources t9. wsght Next, consider what happens &t 7, when the gravita-
emitted with wavelength\, when the cosmic scale factor tional wave arrives. Suddenly, all distances between freely
wasR(t,) is transformed by the cosmic expansion into light falling masses along the axis are increased by a factor of
we receive[when the cosmic scale factor has grown to(1+3hp). What happens to the light? Remember that the key
R(t,)] with wavelength\,, where the relation between the idea of relativity is that there is no absolute standard of rest.

—>

two wavelengths has the simple form This means that the light doesn’t have a choice to stay fixed
with respect to any absolute coordinate system. The only

ﬂ _ R(ty) (3.2) thing that can happen is for each wave crest to remain next to

No R(tg)’ ' whichever test mass it was next to just before the gravita-

tional wave arrived. Thus, as the distances between the test
masses suddenly grow, so does the distance between wave
crests. In other words, the wavelength of the light is in-
creased by the same factor @@+ 3h,). Light waves do in-

explanation. | should say explanations, for there are seferald€€d Stretch as the gravitational wave stretches the interfer-
I?meter arm, as we have illustrated in Fig.(Zo make the

The most pictorially suggestive shows that the correct resu ffect visibl h h t | for the ratio of
follows from the statement that the wave itself expands Wiﬂ‘F ect visible, we have chosen extréme vajues for the ralio 0
ight wavelength to arm length and fby,.)

the expanding space in which it travels, so that its wave-

length grows with the cosmic scale fact(t). V. LENGTHS IN COSMOLOGY AND IN
LABORATORY PHYSICS

(Note that this convention of orderirtg andt, is the oppo-
site of that typically used by cosmologists, who prefer to
refer to the present witky.)

This result is so simple that it cries out for a heuristic

IV. A GRAVITATIONAL WAVE DOES STRETCH o
LIGHT Note that the language we have been using in this paper

only makes sense if we imagine that we have standards of

It should be clear from Secs. Il and Il that there is a deedength other than either the separations of freely falling test
analogy between the stretching of space in an expanding unimasses or the wavelengths of light waves. We do. A good
verse and the distortion of space caused by a gravitationglaradigm of a length standard is a perfectly rigid rod. Such a
wave. The pattern of distance changes is rather different; theod does not change its length in the presence of a gravita-
universe’s expansion causes all distances to grow by thgonal wave, because the arbitrarily strong elastic forces be-
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tween its parts resist the gravitational force carried by the
gravitational wave. As we will see below, we can also use,
the travel time of light as a reliable ruler under most condi-
tions, in spite of the stretching of light waves that goes on
when space expands.

In fact, cosmology is susceptible to the same temptations
to confusion in its language, yet there is no ambiguity about, -

physically meaningful statements. There is much learned dis- /\/\/\/\/

pute over such things as T—

(1) whether there is any motion in an expanding universe, or
whether instead all of the galaxies are at fest,

(2) whether the cosmological redshift is a form of Doppler
shift, or whether instead it arises through another mecha-
nism entirely?

Still, the distance from us to another galaxy does grow as
the universe expands. We could, in princigand with suf- *
ficient patiencg verify this by measuring the distance by the
inverse-square law of brightness. And the rate of increase of
distance between us and a galaxy is numerically equal to the
velocity we infer from interpreting the redshift as arising Fig. 3. Like Fig. 2, but at a succession of later moments. Note the buildup
from the Dopp|er effect, at least for nearby galaxies_ Of phase shift between the light in the stretched é&atid) compared to how

Similarly, we have sufficient physical understanding not to't Would have traveled through an unstretched arm.
let relativistic language confuse us into thinking that there

are no distance changes caused by a gravitational wave, ev? d. h h |
though it is convenient to define a coordinate system out of* sO:nce eac suciessnt;e vzave rg:re;t as tol coverha argtlar
freely falling masses. There are changes in distance betwe&Xa distance to make it back to the beam splitter, the tota

two points whose coordinate separation remains fixed. ThidMme delay(or phase shijtbuilds up steadily until all of the
is the physical meaning behind saying that the metric has thidnt that was in the interferometer armtat 7 finally makes
form given in Eq.(2.1). The present case is quite parallel to it back to the beam splitter. This phase sfisftobservable,
the situation in cosmology, since both there and in the gravi@nd it builds up over the storage time=2L/c of the inter-

tational wave case the most convenient coordinate system [§r0meter arm. This process is illustrated in Fig. 3.
defined by freely falling masses. We've concentrated our attention on the light that was

present in the arm dt=7, but it is important also to under-
stand the I|ght that entered afterwards. The laser has been
VI. WITH PATIENCE, GRAVITATIONAL WAVES steadily pumping out wave crests every' seconds. Those
ARE OBSERVABLE waves that entered the stretched space dfter are not
stretched; they travel at the speedhrough the space they
We are left with the question, “Are gravitational waves find themselves traveling in, and so have the ordinary wave-
observable by examining the light in an interferometer?” ItlengthA=cv !
might seem that the recognition that the wave stretches with In case this seems surprising, recall that precisely the same
the space has in fact shown that light is unsuitable to reveadffect would occur in cosmology if we could imagine a uni-
the length changes. We often say, after all, that we are usingerse that, instead of steadily expanding, expanded in a
light as a ruler to measure the distortions of space. Whasingle step function. This follows directly from E@3.2)
good is a ruler that stretches to the same extent that spaedove: all that matters is the ratio of the values of the scale
stretches? factor at the emission and reception times. In a step-function
To see why light still works perfectly well for our purpose, cosmic expansion, all light waves emitted before the expan-
recall first that there is no direct sense in which we observeion are stretched by the ratig(t;)/R(ty), but all light
the wavelength of the light in the arms. Our observations arevaves emitted afterwards are unstretched. In fact, it is pre-
instead of the phase of the light, that is, of the arrival timescisely from this example that Harrison argues that the cos-
of wave crests. mological redshift is a completely different phenomenon
What happens when we observe the phase of the ligftom the Doppler shiff. In our gravitational wave interfer-
wave in thex arm of our interferometer? Imagine that just ometer, light emitted after=r experiences the same “scale
beforet=1, one light wave crest had returned precisely to thefactor” (1+3h,) both at emission and at its eventual recep-
beam splitter. By the same argument as we used above, thidn, hence it exhibits no change in wavelength.
wave crest has no choice other than to remain at the beam How does this affect the observed phase shift at the beam
splitter when the gravitational wave arrives. So the gravitasplitter? Once light is arriving that has not had its wave-
tional wave causes no phase shift at the beam splitter immédength stretched, then the phase shift no longer grows with
diately after its arrival. each cycle. These latter wave crests still arrive late, since
The key is the word “immediately.” All of the other wave they have had to travel their whole path through the length-
crests suddenly dt= r become farther from the beam splitter ened interferometer arm, so the overall phase shift is just a
than they were before. Gravitational wave or no, light travelsconstant, the dc response of the interferometer to the step-
through the arm at the speed of liglet, The physically ob- function gravitational wave.
servable meaning of the stretching of the space is that the After t= 7+ 74, the interferometer arm contains only light
light in it has to cover extra distance, and so will arrive late.of the original wavelength. However, since by any real
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phySiC&l standard the arm has been |engthened by the grava. Abramovici et al, “LIGO: The Laser Interferometer Gravitational-

tational wave, all of the successive wave crests arrive late inwave Observatory,” Sciencg56 325-333(1992; C. Bradaschit al,

a way that is measurable at the beam splitter. If we care to “The VIRGO Project: A wide band antenna for gravitational wave detec-

we can say that we are measuring the arm length by seeingio" Nucl. Instrum. Methods Phys. Res. 289, 518-525(1990; A.

how many wavelengths of |ight fit in it. but we onIy do'so by Abramovici et al,, “Gravitational wave astrophysics,” ifProceedings of

timing when the wave crests finally a,rrive back at the beam the 1994 Snowmass Summer Study: Particle and Nuclear Astrophysics and
. - . . Cosmology in the Next Milleniunedited by E. W. Kolb and R. D. Peccei

splitter. It is precisely for this reason that people have found (World Scientific, Singapore, 1995pp. 389—425

it ?IrgpleSt to use ftrave.l_tlmfe arguments to C.alm.'”atel the de3The basic idea, in the form of a thought experiment, goes back at least as

taile res_ppnse of an interferometer to gravitationa WaVES. 5 as F. A. E. Pirani, “On the physical significance of the Riemann

Perhaps it is better to say that we use the laser as a clock thafy,or» acta Phys. Pol15, 389—405(1956. A first estimate of experi-

to say we use its light as a ruler. mental sensitivity can be found in M. E. Gertsenshtein and V. . Pustovoit,
“On the detection of low frequency gravitational waves,” J. Exp. Theoret.
VII. CONCLUSION Phys.(U.S.S.R) 43, 605—-607(1962, in English translation in Sov. Phys.

. . . JETP 16, 433-435(1963. Another treatment of the theory and much
There is no conflict between our standard description of more detailed discussion of experimental issues was carried out by R.

how an interferometer works and a picture of light waves \yeiss, “Electromagnetically coupled broadband gravitational antenna,”
being stretched by a gravitational wave. The exercise of rec-q. prog. Rep., MIT Res. Lab. Electrofi05 54-75(1972. The most
onciling the two pictures is valuable, though, both for sharp- detailed discussion to date of the interferometer response as a function of
ening one’s physical understanding and for critically exam- signal frequency and angle of incidence was carried out by R. Weiss, P. S.
ining the language that we use to describe the sometimed.insay, P. R. Saulson, and S. E. WhitcombAirStudy of a Long Baseline

subtle phenomena of general relativity. Gravitational Wave Antenna SystéMIT, Cambridge, MA, 1983 For a
summary of that calculation, see P. R. Saulsamdamentals of Interfero-
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